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expression of the extensional phase velocity and attenuation in the 
region above B. The exact extensional phase velocity and attenuation 
are presented as blue and red curves, respectively. On the respective 
exact curves, the approximate extensional phase velocity and 
attenuation are superimposed as dashed-green lines for the region above 
Ω, eqs (312) and (313) respectively. Because the crossover frequency 
has no signature on phase velocity only the attenuation has an 
approximate line which is represented as dashed-black lines, eq (314). 
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atenuación (ec 240) y los valores obtenidos mediante las fórmulas de 
aproximación para la región arriba de B. La velocidad de fase y la 
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49 The plot of extensional phase velocity (blue-solid curve) and attenuation 
(red-solid curve) versus frequency; obtained from the first root of eq 
(344). For clarity the crossover frequency the modified Biot critical 
frequency, Ω, is marked. 
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51 The plot of extensional phase velocity (blue-solid curve) and attenuation 
(red-solid curve) versus frequency; obtained from the second root of eq 
(344). For clarity the crossover frequency the modified Biot critical 
frequency, Ω, is marked. 
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j,j) 6<GL@RN3Br?*13BV25S�[L\>6<8�@C25GIHYBEG(H

τ̄ s
jk Du?5@RN3251O@C25=>6<@v13254<6<8:1UH3N3BE131ZHYBCG>132PN
τ̄ f
jk Du?5@RN3251O@C25=>6<@b[L\>6<8M1UHYN3BE131ZH3BEG>132PN
p̄s
j Du?5@RN3251O@C25=>6<@v13254<6<8:=;N3BE1313\>N3B
p̄f
j Du?5@RN3251O@C25=>6<@b[L\>6<8M=>N3BE1313\>N3B

e ?*f>47B�gUgUg�hL��?5@CNU2P1Y@C25=>6<@bJLBE4<8�jI\W?*GIH367H36<BE1

�-kl���n���/�o� !#"$�&%('*) +�%() p�0
ūs
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=
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uθ(r, z, t) ?*G>�P\>49?*Nd8;6<13=>49?A@CBEDFBEGIHKJLBE4<8:67G (r, z, t) 8;2PDs?A67G
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uθ(r, z, t) 8;BE13=>49?*qr?AD|6<BEG(HY2u?AG;�P\>49?*NdBEG:BE4-8^2PDF67G>672 (r, z, t)
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ur(r, z, ω) NO?A8;69?A4-8^6<13=>49?5@CBCDFBEGIHKJLBE4<8:67G (r, z, ω) 8;2PDs?A67G
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ll − δf ūf
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i
j = τ̄ i

jk,k + Ij, ~ ñ ô �
�d�>BEN3B Ij 671KH3�>BV8;NO?*�FS 25NY@CBbH3BEN3D B } =>N3BE1313B&8M67G:H3BEN3D|1K2PS�H3�>BvGW?*H3\>NO?*4-8^`^GW?*DF6<@&?*4�JLBE4<8;1{?*1

Ij = −η
2
0µ

f

K
∂tū
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√
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α2
I ≈ Tr (Cα)− Det (Cα)

Tr (Cα)
− i

(
Ω

ω

) [
Cii
α −

(
Tr (Cα) + Cii

α

) Det (Cα)

{Tr (Cα)}2

]
,
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I ≈ Tr (Cβ)− i
(

Ω

ω

)
Cii
β, ~ ñ��(è �

α2
II ≈

Det (Cα)

Tr (Cα)
− i

(
Ω

ω

) (
Tr (Cα) + Cii

α

) Det (Cα)

{Tr (Cα)}2 ,

β2
II ≈ −iω

(
1− iΩ

ω

)
Tr (Cβ)Tr (Nβ)− Tr (CβNβ)

Tr (Cβ)
.
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Θ (aqαII

) ≈ i−1/2 2
√
DetCα

a
√
ω
√

ΩCmm
α

=

(
1− i√

2

)
2

a
√
ω

√
DetCα

ΩCmm
α

. ~ ñ��Pñ �

gTGMHY�>671KN3BE�56<D|BbHY�>BvNO?.HY672 1
ω
≈ 0 ´ HY�$\>1

Θ (aqαII
) ≈ 0. ~ ñ�� ô �
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?*S/HYBENZ?A47�5BEf>NO?*69@¦Du?*G>67=>\>49?*H36<25G>1d?AGL8�N3BCHO?A67G>67G>��2PG>4_`uH3�>B¦4<Br?A8;67G>��H3BEN3D|1Z67G (Ω

ω

) ´ HY�>BC`�@&?*GMfoB
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hII
1 ≈ <hII

1 − i
(

Ω

ω

)
=hII

1, ~ ñ���� �
δII

1 ≈ 4
Tr (Cα)2 −Det (Cα)− Tr (Cα)Tr (Cβ)

3Tr (Cα)2 − 3Det (Cα)− 4Tr (Cα)Tr (Cβ)
, ~ ñ��Pë �

δII
2 ≈ 4

Tr (Cα)2 −Det (Cα)− Tr (Cα)Tr (Cβ)

3Tr (Cα)2 − 3Det (Cα)− 4Tr (Cα)Tr (Cβ)
, ~ ñ���� �

γII ≈ −Cmi
α Cim

α

(Cmm
α )2 , ~ ñ��Pÿ �
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3<(α2

I )
2=(β2

I ) + 4<(β2
I )

2=(β2
I )− 8<(α2

I )<(β2
I )=(β2

I )

[<(α2
I )− Tr (Cβ)]
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(

Ω

ω

)
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)
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1
2
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ê2 ·rβII
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ê1 ·rβI

) (
lβI ·rαI

) (
V2 − 2β2

I

)
+
(
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ê1 ·rβII

) (
V2ΘβII

−4β2
II

)
β2

IIBII. ~ ñ;ç&ê �
e �>BV1U`^1UHYBCDåS/2PNUDFB&8MfI`#BEjI1y~ ñ>çEë �TQ�~ ñ;ç&ê ��67G�?�Du?.HYNU6 } S 25N3D 6<1���NU67HUHYBEG�?*1

0 =




{(
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ê1 ·rβI

) (
lβI ·rαII

)
(V2 − 2β2

I )+
(
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ê2 ·rβI

)
β2

I 2
(
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ê2 ·rβII

)(
lβII ·rαI

)}
(V2−α2

I ) ΘαI

{(
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ê2 ·rβI

)(
lβI ·rαII

)
+
(
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ê1 ·rβII

)(
lβII ·rαI

)
β2

II, ~ ñPè5ê �
D22 =

(
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ê2 ·rβII

)(
lβII ·rαII

)
, ~ ñ5ñ>ç �

E12 = −2
(
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ê1 ·rβI

)(
lβI ·rαII

)
β2

I +
(
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ê1 ·rβII

)
β2

II, ~ ñ5ñ ô �
F11 =

{(
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+ (4D11E21F22 − 4D21E11F22 + 4D21D22E11) β2
I + 2D21D12E21

}
α2

I

+
{

(−4D21E11F22 + 4D11E21F22 + 2D22E11F21) β2
I + D12E21F21
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α2

II

]
ΘαII

+
(
−D21D12G21 − 2D11D22G21β

2
I − 2D11D22E21α

2
II

)
α2

I

+
(
−2D21D12E21 − 4D11D22E21β

2
I

)
α2

II, ~ ñ
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a0 =
[
(−4D11E21F22 + 4D21E11F22 − 4D21D22E11) β2

I − 2D21D12E21

]
α2

Iα
2
IIΘαII

+
(
2D21D12E21 + 4D11D22E21β

2
I

)
α2

IIα
2
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α2
I ≈ Cmm

α − iω
Ω

Cmi
α Cim

α

Cmm
α

, ~ ñ
� ô �
β2

I ≈ Cmm
β − iω

Ω
Cii
β, ~ ñ
�
� �

α2
II ≈

(
ω

Ω

)2 DetCα

Cmm
α

(
1 +

Cii
α

Cmm
α

)
− iω

Ω

DetCα

Cmm
α
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D11 ≈ −i

(
ω

Ω

) Cmm
α Cmi

β Cim
β + Cim

α Cmm
β Cmi

β − Cmm
α Cmm

β Cii
β

Cmm
α Cmm

β Cmi
β

, ~ ñ
��� �
D12 ≈ 2i

(
ω

Ω

)
Cim
β , ~ ñ
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D21 ≈ Cmm
β − i

(
ω

Ω

)
Cii
β, ~ ñ
�5ê �

D22 ≈ Cmm
β − i

(
ω

Ω

)
Cii
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E11 ≈ 1− i
(
ω

Ω

) Cmm
α Cmi

β Cim
β − Cmi

α Cmm
β Cim

β

Cmm
α Cmm

β
2 , ~ ñ5ë>ç �

E12 ≈ 0, ~ ñ5ë(è �
E21 ≈

Cmm
α Cmi

β − Cmi
α Cmm

β

Cmm
α Cmm

β

(
Cmm
β − i

(
ω

Ω

)
Cii
β

)
, ~ ñ5ëPñ �

E22 ≈ 0, ~ ñ5ë ô �
F11 ≈ −i

(
ω

Ω

) Cmm
α Cmi

β Cim
β + Cim

α Cmm
β Cmi

β − Cmm
α Cmm

β Cii
β

Cmm
β Cmi

β

, ~ ñ5ë�� �
F12 ≈ −2i

(
ω

Ω

)
Cim
β , ~ ñ5ëPë �

F21 ≈ Cmm
α − i

(
ω

Ω

) Cmm
α Cmi

α Cim
α Cmi

β Cim
β − Cmm

α
2Cim

α Cmi
β Cii

β + Cmm
α

3Cii
β

2

Cmm
α

2Cmi
β Cim

β

, ~ ñ5ë�� �
F22 ≈ Cmm

β − i
(
ω

Ω

)
Cii
β, ~ ñ5ëPÿ �

G11 ≈ −i
(
ω

Ω

)
Cmm
α Cii

α − Cmi
α Cim

α

Cmm
α

, ~ ñ5ëPê �
G12 ≈ 0, ~ ñ��<� �
G21 ≈ −i

(
ω

Ω

) (Cmm
α Cmi

β Cim
β −Cmi

α Cmm
β Cim

β −Cmm
α Cmm

β Cii
β

) (
Cmm
α Cii

α−Cmi
α Cim

α

)
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α
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β Cim

β
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β
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α − Cmm

β

)
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(
ω

Ω

)
1

Cmm
α

2Cmm
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β Cmi
β
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−3Cmm

α
2Cmm

β
2Cim
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β Cii

β

+ Cmm
α Cmi

α Cmm
β
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β + Cmm
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β
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α Cmm

β Cmi
β Cim

β

2

+ Cmm
α

3Cmi
β

2
Cim
β

2
+ Cmm

α Cim
α Cmm

β
2Cim
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β

2 − Cmi
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β

3Cmi
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+ Cmm
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α Cim
α Cmm
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α
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β Cmi
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(
−16Cmm

α
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β
2Cim

β Cmi
β Cii
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α Cmm
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β Cii

β + 5Cmm
α

3Cmm
β Cmi
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β Cim

β
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α
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β

2
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+ 3Cmm
α Cim

α Cmi
α Cmm

β
2Cmi

β Cim
β + 4Cmm

α Cim
α Cmi

β

2
Cmi
β

2
Cim
β − 4Cmi

α Cim
α Cmm

β
3Cmi

β Cim
β

+ Cmm
α

2Cmi
α Cmm

β
2Cim

β Cii
β + Cmm

α
3Cii

αCmm
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β Cim
β − Cmm

α
2Cmi

α Cim
α Cmm

β Cmi
β Cim

β

+ Cmm
α

2Cim
α Cmm

β Cmi
β

2
Cim
β − 2Cmm

α
2Cim

α Cmm
β

2Cmi
β Cim

β

)
, ~ ñ�� ô �

a1 ≈ −i
(
ω

Ω

) Cmm
β

2

Cmi
β

(
4Cmi

α Cmm
β Cii

β + 4Cim
α Cmi

β

2 − 4Cmm
α Cmi

β Cii
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α Cii
αCmi

β

− 3Cmi
α Cim

α Cmi
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αCmm
β Cmi
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0 = V2
[
a3

(
V2
)2

+ a2V2 + a1

]
, ~ ñ��
� �

�d�>69@Y��13254<\;H36<25G>1{?*N3B
V2

1 =
−a2 +

√
a2

2 − 4a1a3

2a3

, ~ ñ��Aÿ �
V2

2 =
−a2 −

√
a2

2 − 4a1a3

2a3

, ~ ñ��Aê �
V2

3 = 0. ~ ñ5ÿ
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−a2 − a2

√
1− 4a1a3

a2
2

2a3

≈
−a2 − a2

(
1− 2a1a3

a2
2

)

2a3
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= −a2

a3

+
a1

a3

. ~ ñ5ÿ>ç �
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Vext =

√
Ec

ρm
, ~ ñ5ÿ(è �

1

Q
= −1

8

(
ω

Ω

)
αη2

0

(3MKc)2 ρm
0 µ

0
Ec

[
µ0 (ρs

0)2 (Ks + K0) + 6KsK0 (ρs
0)2 + 9µ0

(
ρf

0

)2
(Ks −K0)

]

ρi
0ρ

m
0 KsKf
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V2 =
(3v2

1 − 4v2
r) (RP −Q2)− 4 (Q+R)2 v2

rΘ
(
i3/2a
√
ωc
)

v2
r

[
(v2

1 − v2
r) (RP −Q2)− (Q+R)2 v2

rΘ (i3/2a
√
ωc)

] , ~ ñ5ÿ ô �
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1 ?*GL8 v2
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v2

1 = −3KsKc + 4µ0

ρm
0

, ~ ñ5ÿ�� �
v2
r =

µ0

ρm
0

. ~ ñ5ÿPë �
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c =
bH

RP −Q2
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η2
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f

K
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P = Ks (Kc − η0) + η0M
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)
+

4

3
µ0, ~ ñ5ÿPê �
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[
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(
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+

4

3
µ0. ~ ñ5ê(è �
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]
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√
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√
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1Y2547698:8;BEG>136_H�`�æ ρs

0 = 2.65× 10+03
(
kg
m3

)
,

1Y2547698$QTD|6<G>BENY?A4x13�>Br?*NKDF2$8;\>47\>1ræ µs = 2.30× 10+10 (Pa) ,

[L\>698:8;BEG>136_H�`�æ ρf
0 = 1.00× 10+03

(
kg
m3

)
,

[L\>698M13�>Br?*NZ]^671O@R2P136_H�`�æ µf = 1.00× 10−03
(
kg
m3

)
,

[L\>698Mf>\>47�u]^671O@R2P136_H�`�æ ξf = 2.8× 10−03
(
kg
m3

)
,

1Y2547698$QTS/NO?*DFBv1Y�>B&?ANKD|2^8;\>47\>1&æ µ0 = 6.70× 10+09 (Pa) ,

1Y2547698$QTS/NO?*DFBvf>\>4<��DF2$8;\>47\>1&æ K0 = 5.20× 10+09 (Pa) ,

1Y2547698$QTD|6<G>BENY?A4xf>\;4<��DF2$8;\>47\>1ræ Ks = 35× 10+09 (Pa) ,

[L\>698Mf>\>47��DF2^8^\>4<\>1&æ Kf = 2.2× 10+09 (Pa) ,

=oBEN3DFBr?*f>674<6_Ha`�æ K = 1.00× 10−14 (m2) ,

=o2PNU2P136_H�`�æ η0 = 0.25,

HY25NUHY\>251367Ha`#Sl?5@RH32PNEæ S = 4
3
,

NO?A8;6<\>1K2PS-HY�>BV@R`^4767GL8;N36<@&?*4�@C25N3BPæ a = 1.9× 10−2 (m) ,

4<BEG>�AHY�:25S�HY�>BV@R`^4767GL8;N36<@&?*4�@C25N3BPæ L = 40× 10−2 (m) .
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ūs
θ. ~ ô ç;� �

g£HY1�13254<\;H36<25G ´ 13\>f;¥�B&@RH3B&8uHY2�HY�;B{13H3N3BE131�QTS N3BCB{fo25\>GL8L?AN�`�@C25GL8;6_HY672PG>1�25GuHY�>B{NY?58;69?*4�13\>N3S�?A@CB�~ r =

a � ´ ?*1��ZBC4<4-?A1K2PGMH3�>BbHY25= (z = L) ?AGL8Mfo2AH3HY25D (z = 0) BEGL8$Qa@&?*=>1 ´ 671
us
θ =

∞∑

p=1

∞∑

l=1

B (qp, kl) qpJ1(qpr) cos (klz) cos [ω0 (qp, kl) t], ~ ô ç&ÿ �

�d�>BEN3B B (qp, kl) 6<1d?w@C25G>1UH�?*GIH�HY2�foBv8;BRHYBEN3D|6<G>B&8�fI`sHY�>Bb67G>6_HY69?*4x@C2PG>8;67H36<25G>1�?*GL8�H3�>BbNY?58;69?*4 ´
qp ´ ?AGL8#HY�>B�? } 69?A4 ´ kl ´ �d?E](BEGI\>DwfoBEN31�?*N3BV8^BCJLG>B&8�?*1

qp =
Np

a
, ~ ô ç&ê �

kl =
lπ

L
, ~ ô è�� �

�d�>BEN3B Np 671KH3�>B pth N32I25Hd25S�H3�>B � BE1313BE4xS \>GL@�HY672PG:2PSc13B&@R2PGL8$QT25NY8;BEN�?*GL8 l 671{?*G:67GIHYBE�5BEN&h

§$\>f>1UHY6_HY\^HY67G>�MB&jí~ ô ç&ÿ �d6<GIH32MB&j«~ ô ç;� �dHY�>B�8;6<13=oBENU1Y6725G�N3BE49?*H36<25GäS 25N¦HY�>B|8;N�`IQTS NO?*DFByHY25N313672PGW?*4



è<�5ñ

N3BE1325GW?*GL@CBVS/N3B&jI\>BEG>@R`M1YjI\L?AN3BE8 ´ ω2
0 ´ 671

ω2
0 (p, l) =

(
q2

p + k2
l

) µ0

(1− η0) ρs
0

=
(
q2

p + k2
l

)
β2

0 . ~ ô è;ç �



. Ï Ï �Â�×Ô �Xè F

ç �����Â��/©�ª��Õ � # �¬Ñ#�MÕ ÑM� ���:�x
�� Í 
`' Ï×Õð��������
��×�

e 2|@C25DF=>\;HYB¦HY�;Bv=oBCNUHY\>NUfW?*H36<25G:25S-H3�>BbqEBEN32 th QT25NY8;BEN�BE67�PBEG>S/N3B&jI\;BEGL@C67BE1�8;\>B¦HY2wHY�>Bb=oBEN�HY\>N3foB&8
25=oBENO?.HY25N QI S 25NnHY�>BZ67G>BENUH369?b8;2PDF67GW?.HYB&8�N3BE�567DFB ´ HY�>BZBE67�5BEGI]5?A47\>BK=oBENUH3\>N3fW?.HY6725GF=>N325f>47BEDªHY�W?.H
�K?A1�@&?*13H�6<Gu13B&@RHY6725G#g£��h è h ç ?*1Z? 2× 2 1U`^1UHYBEDû2PS è nd QT25NY8;BENµ£b�bÊn1�671�N3BR�dN36_H3HYBCG#?A1�?V1U`^1UHYBCD
25S ç 1UH�Qa25NY8;BCNl£b�¦Ê�1&h
e �>Bv\>G>=oBEN�HY\>N3foB&8�?*GL8M=oBENUH3\>N3foB&8M25=oBENO?.HY25N31K=oBEN�H�?*6<G>67G>�|HY2�H3�>BvN3BC�P67DFBvg�@&?AGMfoBvB } =>N3BE1313B&8
?*1 3× 3 Ds?*HYNU6 } 2P=oBCNO?.HY25N31{?*1KS 254<472&��1

L(0,I) =




0 i 0

−i
(
Wmm + Wii

)
−i mfdf

1+mfdf Ω 0

0 0 −i 1
1+mfdf Ω




~ ô è5è �

QI =




0 0 0

0 0 −i mf

1+mfdf Ω

0 −i df

1+mfdf Ω 0




~ ô èAñ �

e �>BV\>G;=�BCNUHY\>NUfoB&8:=>NU2Pf>47BED ´ ��6_HY�:BE67�PBCGI]P?*47\>BE1 ω(0,I)
n ?*GL8MBE67�PBEGI]PB&@RHY25N31 V(0,I)

n ´ 6<1K�567]PBEG�f(`
L(0,I)V(0,I)

n = ω(0,I)
n V(0,I)

n . ~ ô è ô �



è<�
�
e �>BV13\>f>67GL8;B } n ~ n = 1, 2, 3 ��49?*foBE4<1ZHY�>BvDF2$8;BE1&h

ω(0,I)
n ?*GL8 V(0,I)
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1

)∗ (
ω

(0,I)
2 −ω(0,I)

3

)∗
+
(
ω

(0,I)
2

)∗ (
ω

(0,I)
1 −ω(0,I)

3

)∗
(
ω

(0,I)
1 −ω(0,I)

2

)∗ (
ω

(0,I)
1 −ω(0,I)

3

)∗ (
ω

(0,I)
2 −ω(0,I)

3

)∗ .
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?*N3B

ω(k)
n = ω(0)

n +
(
V̄(0)

n ·QV(k−1)
n

)
, ~ ô ñPê �

V(k)
n = V(0)

n −
N∑

m1 6=n

Pm1n

ω
(0)
m1−ω(k)

n

V(0)
m1

+
N∑

m1 6=n

N∑

m2 6=n

Pm1m2Pm2n(
ω

(0)
m1 − ω(k)

n

) (
ω

(0)
m2−ω(k)

n

)V(0)
m1

+ . . .

+ (−1)k
N∑

m1 6=n

· · ·
N∑

mk 6=n

Pm1m2Pm2m3 · · ·Pmkn(
ω

(0)
m1−ω(k)

n

) (
ω

(0)
m2−ω(k)

n

)
· · ·

(
ω

(0)
mk−ω(k)

n

)V(0)
m1
, ~ ô5ô � �

�d�>BEN3BdHY�>B{13\>f>67GL8;B } n ~ n = 1,N �n4/?*foBE471�HY�>B�DF2$8;BE1&h e �>B{13\>=oBENU6<GL8;B } 49?*foBE4<4767G>�wH3�>B�N3BE�56<D|B
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α∇2Φ + ω2Φ = 0.

e �>BVB } =>4<6<@C6_HdB } =>N3BC1Y13672PG:2PS α Du?.HYN36 } 671K�P6_](BEG:67G:B&jm~ çEë ô �Rh e �>BvBE67�5BEGI]5?A47\>BE1d2PS α ?ANUB

α2
I , α

2
II =

Tr (α)±
√
Tr (α)2 − 4Det (α)

2
=
Tr (α)

2



1±

√√√√1− 4Det (α)

Tr (α)2



 ,

�d�>BEN3B α2
I ?*GL8 α2

II NUBE=>N3BE13BEG(HKHY�>BvSl?A1UH{?*GL8M134<2&�©icQ��d?E](B¦](BE472^@C6_HY67BE1&h

� B&@&?*\>13BäH3�>BäG>2PNUD 2PS 4Det(α)

Tr(α)2 � 1 ´ HY�W?.H:671 ∣∣∣∣∣∣4Det(α)

Tr(α)2

∣∣∣
∣∣∣ � 1 ´ \;1Y67G>�½H3�>B�f>67G>25DF69?A4bB } Q

=W?*G>136<25Gä~T§$BC4<fI` ´ §�h^�«h ç&ê��$ç ´ z � zÂ1UH�?*GL8L?*NY8sDu?.HY�>BEDu?.HY6<@&?*4WH�?*f>4<BC1 ´ =xh ô � ô � ´ HY�>B α2
I ?*GL8 α2

II

?*N3B�?*=>=>N32 } 67Du?.HYB&8MfI`
α2

I , α
2
II ≈

Tr (α)

2


1±



1− 2Det (α)

Tr (α)2 −
(

2Det (α)

Tr (α)2

)2





 .
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ω � Ω

gTGmHY�>B�NUBE�P67DFB�foBE472&� � 6<2AHV@CNU67H369@&?*4nS NUB&jI\>BEGL@R`�HY�>B�S/2P47472r�d67G>��?*=>=>N32 } 67Du?.HYB�B } =>NUBE13136<25G>1�?*N3B
]5?A476<8

αmm ≈ Cmm
α ,

αmi ≈ Cmi
α ,

αim ≈
[(
ω

Ω

)2

− i
(
ω

Ω

)]
Cim
α ,

αii ≈
[(
ω

Ω

)2

− i
(
ω

Ω

)]
Cii
α.

� BEGL@CB ´ 67GyH3�>B�N3BC�P672PGw\;GL8;BENn@R2PG>136<8;BENO?.HY6725GwHY�;B�@C25DF=>47B } 1YjI\W?*N3B�S�?A1UH�Q-?*GL8y13472r�ZQ-i�](BC4<2$@C67H367BE1 ´
N3BE13=oB&@�HY6_](BE4_` ´ ?AN3Bb�P6_](BEG:fI`

α2
I ≈ Cmm

α − i
(
ω

Ω

)
Cmi
α Cim

α

Cmm
α

, ~ ô5ô ç �
α2

II ≈
(
ω

Ω

)2 Det (Cα)

Cmm
α

(
1 +

Cii
α

Cmm
α

)
− i

(
ω

Ω

)
Det (Cα)

Cmm
α

. ~ ô5ô è �
e �>B�@C2PD|=>4<B } S�?*13H�Q�i�]PBE4<2$@C6_H�`�67GyHYBENUDF1c2PSLNUBr?*4 ´ <α2

I ´ ?*GL8y6<Ds?A�56<GL?AN�` ´ =α2
I ´ =W?*NUHY1X671X25f;H�?*67G>B&8

fI`
αI =

√
1

2

[√
(<α2

I )
2

+ (=α2
I )

2
+ <α2

I

]
+ i

√
1

2

[√
(<α2

I )
2

+ (=α2
I )

2 −<α2
I

]
,

?*GL8�@E?AG:foBVNUBR�dN36_H3HYBEG�?*1

αI =

√√√√√√
1

2


<α2

I

√√√√1 +

(
=α2

I

<α2
I

)2

+ <α2
I


+ i

√√√√√√
1

2


<α2

I

√√√√1 +

(
=α2

I

<α2
I

)2

−<α2
I


.
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∣∣∣∣
∣∣∣∣
=α2

I

<α2
I

∣∣∣∣
∣∣∣∣� 1 ´ \>136<G>�{HY�>B�f>67G>2PDF69?*4;B } =W?*G>13672PG:~Tz � z«1UH�?*GL8L?AN38wDu?*H3�>BEDu?.HY6<@&?*4^HO?Af>47BE1 ´

=xh �^çEÿ � ´ HY�>BV@C25DF=>47B } S�?*1UHUQ�i¬]PBE4<2$@C6_H�`#671{?*=>=>NU2 } 67Du?.HYB&8MfI`
αI =

√
<α2

I + i
1

2

=α2
I√
<α2

I

.

� BEGL@CB ´ HY�;B#@C2PD|=>4<B } Sl?A1UHUQ�i�](BE472^@C6_Ha`í67GíHY�>B�NUBE�P6725G½foBE472&� � 6725H|@CNU67H369@E?A4�S NUB&jI\>BEGL@R`«671F?*=^Q
=>N32 } 67Du?.HYB&8�?*1

αI ≈
√

Cmm
α − i1

2

(
ω

Ω

)
Cmi
α Cim

α

Cmm
α

√
Cmm
α

. ~ ô5ô ñ �
e �>B�@C25DF=>47B } 134<2&�ZQ�i¬](BE472^@R67Ha`#6<GMHY�>BvNUBE�P6725G�\;GL8;BENd@C25G>1Y6<8;BENY?*H36<25G�671d25f;H�?*67G>B&8:fI`

αII =

√
1

2

[√
(<α2

II)
2

+ (=α2
II)

2
+ <α2

II

]
− i

√
1

2

[√
(<α2

II)
2

+ (=α2
II)

2 −<α2
II

]
,

?*GL8�@E?AG:foBVNUBR�dN36_H3HYBEG�?*1

αII =

√√√√√√
1

2


=α2

II

√√√√1 +

(
<α2

II

=α2
II

)2

+ <α2
II


− i

√√√√√√
1

2


=α2

II

√√√√1 +

(
<α2

II

=α2
II

)2

−<α2
II


.

� 1367G>�|H3�W?*H <α2
II

=α2
II
� 1 ´ HY�>B�?*fo2r](BvB&jI\W?.HY672PG:136<D|=>4<6_JLBE1�?A1

αII ≈

√√√√√1

2


=α2

II


1 +

1

2

(
<α2

II

=α2
II

)2

+ <α2

II


− i

√√√√√1

2


=α2

II


1 +

1

2

(
<α2

II

=α2
II

)2

−<α2

II


.
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<α2

II

=α2
II

∣∣∣∣
∣∣∣∣ � 1 ´ \;1Y67G>�¾H3�>Bmf>67G>25DF6/?*4¦B } =W?*G>13672PG ´ HY�>Bä@C25DF=>47B } 13472r�ZQ�i ](BE472$@C67Ha`ì671

?*=>=>N32 } 67Du?.HYB&8MfI`

αII ≈

√√√√√1

2


=α2

II +
1

2
=α2

II

(
<α2

II

=α2
II

)2

+ <α2
II


− i

√√√√√1

2


=α2

II +
1

2
=α2

II

(
<α2

II

=α2
II

)2

−<α2
II


.

� 1367G>�|H3�W?*H <α2
II � =α2

II ´ HY�>B�?*fo2.]PBVBEjI\W?*H36<25G:136<DF=;4<6_JLBE1{?*1
αII ≈

(
1− i√

2

)√
Im {α2

II} = i−1/2
√
Im {α2

II}.

e �>B�@C25DF=>47B } 134<2&�ZQ�i¬](BE472^@R67Ha`#6<GMHYBENUDF1K25S Cα Ds?*H3N36 } BE47BEDFBCGIHY1d671KN3BR�dN36_H3H3BEG�?A1

αII ≈ i−1/2

√√√√
(
ω

Ω

)
Det (Cα)

Cmm
α

. ~ ô5ôPô �
òüÙ3õ Lå÷F�yâCÞyÛ ���äÞKøw÷ì7ûâCÞvÜåá�ÝXâ�ÜcâEáe�%!��*Ýc÷��Fà#÷dÛMáV8NM

Ω� ω

gTGMHY�>BvNUBE�P67DFBvfoBE472&� � 6<2AH�@CN36_H369@&?*4xS NUB&jI\>BEGL@R`�H3�>BvS 254<472&��67G>��?*=>=>N32 } 67Du?.HY672PG;1{?*N3Bb]5?A476<8
αmm ≈ Cmm

α ,

αmi ≈ Cmi
α ,

αim ≈
(

1− iΩ
ω

)
Cim
α ,

αii ≈
(

1− iΩ
ω

)
Cii
α.

� BEGL@CB ´ 67GyH3�>B�N3BC�P672PGw\;GL8;BENn@R2PG>136<8;BENO?.HY6725GwHY�;B�@C25DF=>47B } 1YjI\W?*N3B�S�?A1UH�Q-?*GL8y13472r�ZQ-i�](BC4<2$@C67H367BE1 ´
N3BE13=oB&@�HY6_](BE4_` ´ ?AN3Bb�P6_](BEG:fI`

α2
I ≈ Tr (Cα)− Det (Cα)

Tr (Cα)
− i

(
Ω

ω

) [
Cii
α −

(
Tr (Cα) + Cii

α

) Det (Cα)

{Tr (Cα)}2

]
, ~ ô5ô � �



è^çEñ

α2
II ≈

Det (Cα)

Tr (Cα)
− i

(
Ω

ω

) (
Tr (Cα) + Cii

α

) Det (Cα)

{Tr (Cα)}2 . ~ ô5ô ë �
¸ GW?*472P�52P\>134_`�H32{HY�;BZ?Afo2r](B�=>NU2^@CB&8;\>NUB�HY2{25f;H�?*6<GyHY�>B�Sl?A1UHUQ-?*GL8y1Y472&�KQ-i�]PBE472^@C6_HY67BE1nfoBE472r� � 6<2AH
@CN36_H369@&?*4WS N3BEjI\>BEGL@R` ´ HY�>B�@C25DF=>47B } S�?*13H�Q�?*GL8F134<2&�ZQ�i�]PBE4<2$@C6_HY67BE1Z?*fo2r](B � 6725H�@CNU67H369@E?A4WS NUB&jI\>BEGL@R`
?*N3Bv25f;H�?*6<G>BE8 ´ �d�>6<@O�:N3BE13=oB&@RHY6_](BC47`:?ANUB

αI ≈
√√√√Tr (Cα)− Det (Cα)

Tr (Cα)
− i1

2

(
Ω

ω

)
[
Tr (Cα) + Cii

α

]
Det(Cα)

{Tr(Cα)}2 − Cii
α√

Tr (Cα)− Det(Cα)
Tr(Cα)

, ~ ô5ô � �

αII ≈
√√√√Det (Cα)

Tr (Cα)
. ~ ô5ô ÿ �
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β∇2Ξ + ω2Ξ = 0.

e �>BVB } =>4<6<@C6_HdB } =>N3BC1Y13672PG:2PS β Du?.HYN36 } 671K�P6_](BEG:67G�BEjm~ çEë�� �Rh e �>BvBE67�PBCGI]5?A47\>BE1d2PS β ?AN3B

β2
I , β

2
II =

Tr (β)±
√
Tr (β)2 − 4Det (β)

2
=
Tr (β)

2



1±

√√√√1− 4Det (β)

Tr (β)2



 ,

�d�>BEN3B β2
I ?AGL8 β2

II NUBE=>N3BE13BEGIHZHY�>BV@C25DF=>47B } S�?*13H�?*GL8:13472r�ZQ�§s�K?&]PBb](BE472^@C6_HY67BE1&h

� B&@&?*\>13B�HY�>B�G>25N3D 25S 4Det(β)
Tr(β)

2 � 1 ´ HY�L?*H#671
∣∣∣∣∣

∣∣∣∣∣
4Det(β)
Tr(β)

2

∣∣∣∣∣

∣∣∣∣∣ � 1 ´ \>136<G>�íHY�;Bmf>67G>25DF69?A4{B } Q
=W?*G>136<25G�~T§$BE47fI` ´ §�h^�íh çEê��$ç ´ z � z	1UHO?AGL8L?*NY8uDu?*H3�>BEDu?.HY6<@&?*4�HO?Af>47BE1 ´ =xh ô � ô � ´ β2

I ?*GL8 β2
II ?*N3B

?*=>=>N32 } 67Du?.HYB&8MfI`
β2

I , β
2
II ≈

Tr (β)

2


1±



1− 2Det (β)

Tr (β)2 −
(

2Det (β)

Tr (β)2

)2





 .
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ω � Ω

gTGMHY�>BvNUBE�P67DFBvfoBE472&� � 6<2AH�@CN36_H369@&?*4xS NUB&jI\>BEGL@R`�H3�>BvS 254<472&��67G>��?*=>=>N32 } 67Du?.HY672PG;1{?*N3Bb]5?A476<8
βmm = Cmm

β − iωNmm
β ,

βmi = Cmi
β − iωNmi

β ,

βim ≈
[(
ω

Ω

)2

− i
(
ω

Ω

)] (
Cim
β − iωNim

β

)
,

βii ≈
[(
ω

Ω

)2

− i
(
ω

Ω

)] (
Cii
β − iωNii

β

)
.

� BEGL@CB ´ 67GwH3�>B�N3BE�5672PG�\>GL8;BCN�@C25G>13698;BCNO?.HY672PGwHY�>BZ@C25DF=>47B } 1YjI\W?*N3B�S�?*13H�Q�?*GL8w134<2&�ZQc§V](BC4<2$@C67H367BE1 ´
N3BE13=oB&@�HY6_](BE4_` ´ ?AN3Bb�P6_](BEG:fI`

β2
I ≈ Cmm

β − i
(
ω

Ω

)
Cii
β, ~ ô5ô ê �

β2
II ≈ −ω

(
ω

Ω

)
[Tr (Cβ)Tr (Nβ)− Tr (CβNβ)]

Cmm
β

[
1 + i

(
ω

Ω

)
Tr (Cβ)

Cmm
β

]
. ~ ô ��� �
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S NUB&jI\>BEGL@R` ´ �d�>6<@O��NUBE13=oB&@RHY6_](BE4_`:?ANUB

βI ≈
√

Cmm
β − i1

2

(
ω

Ω

) Cii
β√

Cmm
β

, ~ ô �;ç �
βII ≈ −i

√√√√ω
(
ω

Ω

)
[Tr (Cβ)Tr (Nβ)− Tr (CβNβ)]

Cmm
β

. ~ ô �Pè �
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Ω� ω

gTGMHY�>BvNUBE�P67DFB�?*fo2.]PB � 6<2AH�@CN36_H369@&?*4xS NUB&jI\>BEGL@R`�H3�>BvS 254<472&��67G>��?*=>=>N32 } 67Du?.HY672PG;1{?*N3Bb]5?A476<8
βmm = Cmm

β − iωNmm
β ,

βmi = Cmi
β − iωNmi

β ,

βim ≈
(

1− iΩ
ω

) (
Cim
β − iωNim

β

)
,

βii ≈
(

1− iΩ
ω

) (
Cii
β − iωNii

β

)
.

� BEGL@CB ´ 67GwH3�>B�N3BE�5672PG�\>GL8;BCN�@C25G>13698;BCNO?.HY672PGwHY�>BZ@C25DF=>47B } 1YjI\W?*N3B�S�?*13H�Q�?*GL8w134<2&�ZQc§V](BC4<2$@C67H367BE1 ´
N3BE13=oB&@�HY6_](BE4_` ´ ?AN3Bb�P6_](BEG:fI`

β2
I ≈ Tr (Cβ)− i

(
Ω

ω

)
Cii
β, ~ ô �5ñ �

β2
II ≈ −iω

(
1− iΩ

ω

)
Tr (Cβ)Tr (Nβ)− Tr (CβNβ)

Tr (Cβ)
. ~ ô � ô �

¸ GW?*472P�52P\>134_`«HY2�HY�>B�=>N32$@CB&8;\>NUBM8;BC](BE4725=oB&8¾S 25NyHY�>B#@C2PD|=>4<B } S�?*1UHUQV?*GL8¾13472r�ZQ�iµ]PBE472^@C6_HY67BE1
~ ¸ =;=oBEGL8;6 } Ê�� ´ H3�>B{@R2PDF=>47B } Sl?A1UHUQn?*GL8s1Y472&�KQ�§�](BC4<2$@C6_HY67BE1Z?*N3B�25f;H�?*67G>B&8 ´ ?*fo2r](B � 672AH�@CNU67H369@E?A4
S NUB&jI\>BEGL@R` ´ �d�>6<@O��NUBE13=oB&@RHY6_](BE4_`:?ANUB

βI ≈
√
Tr (Cβ)− i1

2

(
Ω

ω

) Cii
β√

Tr (Cβ)
, ~ ô �
� �

βII ≈ i3/2

√√√√ω
Tr (Cβ)Tr (Nβ)− Tr (CβNβ)

Tr (Cβ)
. ~ ô �5ë �


